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Simplicial Semigroup Ring Buchsbaum
Defining Ideal
1 Introduction
$H$ $N^{r}(r>0)$ affine semigroup $h_{1},$ $\ldots,$ $h_{r+n}\in H$ $H$
.
(H-1) $h_{1},$ $\ldots,$ $h_{r}$ Q-linearly independent
(H-2) $\exists_{d}>0$ such that $dH\subset\Sigma_{i=1}^{r}Nh_{i}$
$H$ simplicial semigroup .
$f$ ield $k$ .
$\varphi$ : $S=k[X_{1}, \ldots, X_{r}, Y_{1}, \ldots, Y_{n}]$ $arrow$ $k[t_{1}, \ldots, t_{r}]$
$X$; $t^{h:}$ $(1\leq i\leq r)$
$Y_{j}$
$t^{h_{r+j}}$ $(1\leq j\leq n)$
( $h=(a_{1},$ $\ldots,$ $a_{r})\in H$ $t^{h}$ $:=t_{1}^{a_{1}}$ . . . $t_{r}^{a_{r}}$ monomial . )
${\rm Im}(\varphi)$ $k[H]$ ( $k$ $H$ ) semigroup ring . $ker(\varphi)$
$I_{H}$ semigroup ring $k[H]$ defining ideal . $r=\dim k[H]$
$n=$ ht $I_{H}$ .
$x_{i}$ $:=t^{h_{i}}(1\leq i\leq r),$ $yj$ $:=t^{h_{r+1}}(1\leq j\leq n)$ $k[H]$ graded maximal
ideal mm $=(x_{1}, \ldots, y_{n})$ .
$k[H]$ Buchsbaum $I_{H}$ Gr\"obner basis $n=2$
$k[H]$ Buchsbaum $I_{H}$ minimal basis .
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2) $\alpha\leq\beta$ $\Leftrightarrow$ $\alpha_{(i)}\leq\beta_{(i)}$ for $1\leq i\leq n$
3) $\alpha<\beta$ $\Leftrightarrow$ $\alpha\leq\beta$ and $\alpha\neq\beta$
$\alpha+\beta,$ $\alpha-\beta$ .
$S$ monomial $X^{\alpha}Y^{\beta}=X_{1}^{\alpha_{(1)}}$ . . . $X_{r}^{\alpha_{(r)}}Y_{1}^{\beta_{(1)}}\cdots Y_{n}^{\beta_{(n)}}$ for $\alpha\in N^{r},$ $\beta\in N^{n}$
$S$ monomial $M_{H}$ .
Definition 2. $S$ monomial ordering .
$X^{\alpha}Y^{\beta}<_{s}X^{\gamma}Y^{\delta}$ $\Leftrightarrow$ $wd(X^{\alpha}Y^{\beta})<wd(X^{\gamma}Y^{\delta})$
$wd(X^{\alpha}Y^{\beta})=wd(X^{\gamma}Y^{\delta})$ and $X^{\alpha}Y^{\beta}>X^{\gamma}Y^{\delta}$ w.r.t. lexicographic
$wd(X^{\alpha}Y^{\beta})=tota1$ degree of $\varphi(X^{\alpha}Y^{\beta})$ .
$0\neq f\in S$ $<s$ $f$ initial term in$(f)$
. $S$ subset $F$ $F$ initial term
in$(F)=\{in(f)|0\neq f\in F\}$
.
Definition 3. $S$ ideal $I$ $I$ finite subset $F$
(in(I)) $=(in(F))$
$F$ $I$ Gr\"obner basis . $F$ $I$ .
.
Notation 4.
1) $k[H]$ subset $J$
$M(J)=\{X^{\alpha}Y^{\beta}\in M_{H}|\varphi(X^{\alpha}Y^{\beta})\in J\}$
. $J=\{t^{u}\}$ $M_{u}$ $:=M(J)$ .





1) $X^{\alpha}Y^{\beta},$ $X^{\gamma}Y^{\delta}\in M_{H}$
$X^{\alpha}Y^{\beta}-X^{\gamma}Y^{\delta}\in I_{H}$ $\Leftrightarrow$ $X^{\alpha}Y^{\beta}\in\Sigma(X^{\gamma}Y^{\delta})$ or $X^{\gamma}Y^{\delta}\in\Sigma(X^{\alpha}Y^{\beta})$
2) $X^{\alpha}Y^{\beta}\in M_{H}$
$\Sigma(X^{\alpha}Y^{\beta})\neq\phi$ $\Leftrightarrow$ $X^{\alpha}Y^{\beta}\in(in(I_{H}))$
3) $X^{\alpha}Y^{\beta}$ $\Sigma(X^{\gamma}Y^{\delta})$ minimal element $\Sigma(X^{\alpha}Y^{\beta})=\phi$ .
4) $(\alpha, \beta)\leq(\gamma, \delta)$ in $N^{r+n}$
$\Sigma(X^{\alpha}Y^{\beta})\neq\phi$ $\Rightarrow$ $\Sigma(X^{\gamma}Y^{\delta})\neq\phi$
5) $X^{\alpha}Y^{\beta}-X^{\gamma}Y^{\delta}\in I_{H},$ $J\subset k[H]$
$X^{\alpha}Y^{\beta}\in M(J)$ $\Leftrightarrow$ $X^{\gamma}Y^{\delta}\in M(J)$
6) $1\leq i\leq r$
$X^{\alpha}Y^{\beta}\in M((x_{i}))$ $\Leftrightarrow$ $\exists_{X^{\alpha}Y^{\beta}-X;X^{\gamma}Y^{\delta}}\in I_{H}$
7) $1\leq i\leq r$
$Y^{\beta}\in M(x_{i})$ $\Rightarrow$ $\Sigma(Y^{\beta})\neq\phi$
.
$\mathcal{R}=$ { $X^{\alpha}Y^{\beta}-X^{\gamma}Y^{\delta}\in S|X^{\gamma}Y^{\delta}\in M(X^{\alpha}Y^{\beta})$ and $Gcd(X^{\alpha}Y^{\beta},$ $X^{\gamma}Y^{\delta})=1$ }
Remark 5. $\mathcal{R}\subset I_{H}$ .
Proposition 6. $I_{H}=(\mathcal{R})$ (in $(I_{H})$ ) $=(in(\mathcal{R}))$ .
$I_{H}$ Gr\"obner basis $\mathcal{R}$ .
3 Buchsbaum
$\mathcal{R}$ subset $\mathcal{R}_{H},$ $\mathcal{F}_{H}$
$\mathcal{R}_{H}$ $=$ {X $\alpha Y^{\beta}-X^{\gamma}Y^{\delta}\in \mathcal{R}|\Sigma(Y^{\delta})=\phi$ }
$\mathcal{F}_{H}$ $=$ $\{f\in \mathcal{R}_{H}|in(f)=Y^{\beta}, \beta\in N^{n}\}$
$\mathcal{F}’=$ $\{f\in \mathcal{R}_{H}|in(f)\in(in(\mathcal{F}_{H}))\}$




2) (in $(I_{H})$ ) $=(in(\mathcal{F}_{H}))$ .
Definition 8. $(Y^{\beta_{1}}$ , . . . $Y^{\beta_{r}})$ condition (B) .
B-l) $1\leq i\leq r$ $\Sigma(Y^{\beta_{i}})=\phi$ .
B-2) $1\leq i\leq n$ $Y^{\beta_{*}}\in M([(x;) : m])$ .
B-3) $1\leq i\neq j\leq n$ $Y^{\beta_{i}}\not\in M([(x_{J}\cdot) : m])$ .
B-4)1 $\leq i\neq j\leq r$ $Gcd(Y^{\beta}:, Y^{\beta_{j}})=1$ .
B-5) $1\leq i<j\leq r$ $\exists_{X_{j}Y^{\beta_{i}}}-X_{i}Y^{\beta_{j}}\in I_{H}$ .
(B) monomial sequence $\triangle_{H}$
$\mathcal{G}_{H}=\{X_{J}\cdot Y^{\beta;}-X_{\dot{t}}Y^{\beta_{J}}|(Y^{\beta_{1}}, \ldots, Y^{\beta_{r}})\in\triangle_{H}, 1\leq i<j\leq r\}$
.
$k[H]$ Buchsbaum .
Theorem 9. The following conditions are equivalent.
1) $k[H]$ is Buchsbaum.
2) We can choose a Gr\"obner basis of $I_{H}$ from $\mathcal{F}_{H}\cup \mathcal{G}_{H}$
(or equivalently, (in $(I_{H}))=(in(\mathcal{F}_{H}\cup \mathcal{G}_{H}))$ ).
Theorem 9. . .
Lemma 10. $k[H]$ Buchsbaum .
1) $X^{\alpha}Y^{\beta}\in M([(x_{i}) : x_{j}])$ and $\alpha_{(i)}=0$ $Y^{\beta}\in M([(x_{i}) : x_{j}])$ .
2) $Y^{\beta}\in M([(x_{i}) :x_{J}\cdot])$ and $\Sigma(Y^{\beta})=\phi$ $\exists(Y^{\beta_{1}}, \ldots, Y^{\beta_{r}})\in\triangle_{H}$ s.t. $\beta=\beta_{i}$ .
Lemma 11. (in $(I_{H})$ ) $=(in(\mathcal{F}_{H}\cup \mathcal{G}_{H}))$ .
1) $X^{\alpha}Y^{\beta}-X^{\gamma}Y(;\in I_{H}$ with $\Sigma(Y^{\beta})=\phi$ and $X^{\alpha}Y^{\beta}>sX^{\gamma}Y^{\delta}$ $\exists(Y^{\beta_{1}}, \ldots, Y^{\beta_{r}})\in$
$\triangle_{H}$ s.t. $\beta=\beta_{i}$ for some $1\leq i\leq r$ .
2) $\mathcal{R}_{H}=\mathcal{F}’\cup \mathcal{G}_{H}$
44
[2] $k[H]$ Buchsbaum .
Theorem. (Goto) .
1) $k[H]$ is Buchsbaum.
2) $k[H]$ is quasi-Buchsbaum. (or equivalently, $x_{1}^{2},$ $\ldots,$ $x_{r}^{2}$ are weak sequence (w.r. $t$ . $m$ )
$)$ .
Lemma 12. $t^{v},$ $t^{u_{1}},$ $\ldots,$ $t^{u_{p}}\in k[H]$
$[(t^{u\iota}, \ldots, t^{u_{p}}) : t^{v}]=\sum_{\mathfrak{i}=1}^{p}[(t^{u:}) : t^{v}]$
Proof. $[(t^{u_{1}}, \ldots, t^{u_{p}}) :t^{v}]\supset\Sigma_{i=1}^{p}[(t^{u;}) : t^{v}]$ .
$\forall_{f}\in[(t^{u_{1}}, \ldots, t^{u_{p}}) :t^{v}]$ $f=\Sigma_{t}^{m_{=1}}c_{i}t^{w_{i}}$ , $ci\neq 0$ and $w:\in H(1\leq i\leq m)$
$t^{v}f= \sum_{=;1}^{m}c.t^{v+w:}\in(t^{u_{1}}, \ldots, t^{u_{p}})$
. $(t^{u_{1}}, \ldots, t^{u_{p}})$ graded ideal $1\leq^{\forall}j\leq m$
$t^{v+w_{j}}\in(t^{u_{1}}$ , . . . , $t^{u_{p}})$
$1\leq^{\exists}i\leq m,$ $\exists_{h}\in H$
$t^{v+w_{J}}=t^{h+u;}$
. (i.e. $t^{v+w_{j}}$ $(t^{u;})$ )
$t^{w_{j}}\in[(t^{u_{i}}) : t^{v}]$
$f \in\sum_{\mathfrak{i}=1}^{p}[(t^{u_{i}}) : t^{v}]$
Proof of Theorem 9. $1$ ) $\Rightarrow 2$ ) $f=X^{\alpha}Y^{\beta}-X^{\gamma}Y^{\delta}\in \mathcal{R}_{H}$ in $(f)\not\in(in(\mathcal{F}_{H}))$
. $>s$ $1\leq i<j\leq r$
$f=X_{J}\cdot X^{\alpha/}Y^{\beta}-X_{i}X^{\gamma/}Y^{\delta}$




$\Sigma(Y^{\beta})=\phi$ Lemma 10, 2)
$\exists(Y^{\beta_{1}}$ , .. ., $Y^{\beta_{r}})\in\triangle_{H}s.t$ . $\beta=\beta_{i}$
.
$\exists_{X_{J}\cdot Y^{\beta}-X_{i}Y^{\beta_{j}}}\in \mathcal{G}_{H}$ and in $(f)=X^{\alpha}Y^{\beta}\in(in(\mathcal{G}_{H}))$
(in $(I_{H})$ ) $=(in(\mathcal{F}_{H}\cup \mathcal{G}_{H}))$
.
$2)\Rightarrow 1)$ Lemma 11, 2)
$\mathcal{R}_{H}=\mathcal{F}’\cup \mathcal{G}_{H}$ $\Rightarrow$ $x_{1}^{2},$
$.$ . . , $x_{r}^{2}$ are weak-sequence (w.r. $t$ . $m$ ).
Lemma 12 $1\leq i<j\leq r$
$[(x_{\dot{t}}^{2}) : x_{J}^{2}]=[(x_{i}^{2}) : m]$
. $[(x_{i}^{2}):x_{\dot{J}}^{2}]\neq[(x_{i}^{2}) : m]$ .
$X^{\alpha}Y^{\beta}$
$M([(x_{l}^{2}):x_{J}^{2}]\backslash [(x_{t}^{2}) : m])$ . $\alpha_{(\dot{\iota})}\leq 1$ $\Sigma(Y^{\beta})=\phi$




. $X^{\alpha}Y^{\beta}\not\in M((x_{i}^{2}))$ $\gamma_{(r)}\leq 1$ .
$Gcd(X_{J}^{2}X^{\alpha}Y^{\beta}, X_{\dot{t}}^{2}X^{\gamma}Y^{\delta})=X^{\mu}Y^{\nu}$
$X_{\dot{J}}^{2}X^{\alpha}Y^{\beta}=X^{\mu}Y^{\nu}X^{\mu_{1}}Y^{\nu_{1}}$ and $X_{i}^{2}X^{\gamma}Y^{\delta}=X^{\mu}Y^{\nu}X^{\mu_{2}}Y^{\nu_{2}}$




$X^{\alpha}Y^{\beta}\in M(x_{\dot{t}}[(x_{i}) : m])\subset M([(x_{i}^{2}):m])$
. $\square$
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Corollary 13. $k[H]$ Cohen-Macaulay Buchsbaum ring
$\dim(k[H])\leq ht_{S}(I_{H})$ (i.e. $r\leq n$)
Proof. $k[H]$ non Cohen-Macaulay Remark 7.
$\mathcal{G}_{H}\neq\emptyset$
$\exists(Y^{\beta_{1}}, \ldots, Y^{\beta_{r}})\in\triangle_{H}$ .
$n_{i}=\#\{k\in\{1, \ldots, r\}|\beta_{\dot{\iota}(k)}>0\}$
Definition 8. B-2) $\beta_{\dot{t}}\neq 0$ $ni>0$ .
$r \leq\sum_{=1}^{r}n_{i}$
. (B-4) $Gcd(Y^{\beta_{k}}, Y^{\beta_{l}})=1,$ $(k\neq l)$
$\sum_{\mathfrak{i}=1}^{r}n_{i}\leq n$
$r\leq n$
4 codimension 2 Case
$n=2$ Case $k[H]$ Buchsbaum $I_{H}$ minimal basis
.
[3] Cohen-Macaulay IJ non Cohen-Macaulay, Buchs-
baum . .
Theorem 14. $n=2$ .
1) $k[H]$ Cohen-Macaulay Buchsbaum ring.
2) $\dim(k[H])=2$ $I_{H}$ minimal basis .
$Y_{1}^{b+1}-X_{\dot{\iota}_{1}}^{a:_{\iota}-1}X_{i_{2}}^{a:_{2}}$ $1Y_{2}^{c-1},$ $Y_{2}^{c+1}-X_{\dot{\iota}_{1}}^{a:_{1}1}X_{i_{2}}^{a:_{2}-1}Y_{1}^{b-1},$ $Y_{1}Y_{2}-X_{1}^{a_{1}}X_{2}^{a_{2}},$ $X_{i_{1}}Y_{1}^{b}-X_{i_{2}}Y_{2^{c}}$
$a_{1},$ $a_{2},$ $b,$ $c\in N_{+},$ $\{i_{1}, i_{2}\}=\{1,2\}$ .
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$H\cong<(b+c, 0),$ $(0, b+c),$ $(a_{1}c-1, a_{2}c+1),$ $(a_{1}b+1, a_{2}b-1)>$ as semigroup.
(ht $I_{H}=$ ) $n=2$ . $\mathcal{F}_{H}$
subset .
$\mathcal{F}_{1}$ $=$ $\{f\in \mathcal{F}_{H}|in(f)=Y_{1}^{b}, b\in N_{+}\}$
$\mathcal{F}_{2}$ $=$ $\{f\in \mathcal{F}_{H}|in(f)=Y_{2}^{c}, c\in N_{+}\}$
$\mathcal{F}_{3}$ $=$ $\{f\in \mathcal{F}_{H}|in(f)=Y_{1}^{b}Y_{2^{C}}, b, c\in N_{+}\}$
$\mathcal{F}_{i}\neq\phi$ in $(\mathcal{F}_{\dot{t}})$ minimal element . in $(\mathcal{F}_{1})$
(resp. $\mathcal{F}_{2},$ $\mathcal{F}_{3}$ ) minimal element $Y_{1}^{b_{1}}$ (resp. $Y_{2}^{c_{2}},$ $Y_{1}^{b_{3}}Y_{2}^{c_{3}}$ ) . $f\in \mathcal{F}_{1}$
$(resp.\mathcal{F}_{2}, \mathcal{F}_{3})$ in $(f)=Y_{1}^{b_{1}}$ (resp. $Y_{2}^{c_{2}},$ $Y_{1}^{b_{3}}Y_{2}^{c_{3}}$ ) $f$ $\mathcal{F}_{1}(resp.\mathcal{F}_{2}, \mathcal{F}_{3})$
minimal element .
Lemma 15. $k[H]$ Buchsbaum
(in $(\mathcal{F}_{H})$ ) $=(Y_{1}^{b_{1}}, Y_{2}^{c_{2}}, Y_{1}^{b_{3}}Y_{2}^{c_{3}})$
Proof. (in $(\mathcal{F}_{1}),$ $in(\mathcal{F}_{2})$ ) $=(Y_{1}^{b_{1}}, Y_{2}^{c_{2}})$ in $(\mathcal{F}_{3})\subset(Y_{1}^{b_{1}}, Y_{2}^{c_{2}}, Y_{1}^{b_{3}}Y_{2}^{c_{3}})$
.
$\exists_{f=Y_{1}^{b}Y_{2^{c}}-X^{\alpha}}\in \mathcal{F}_{3}$ such that $Y_{1}^{b}Y_{2^{C}}\not\in(Y_{1}^{b_{1}}, Y_{2}^{c_{2}}, Y_{1}^{b_{3}}Y_{2}^{c_{3}})$ .
( $b<b_{1},$ $c<c_{2}$ . )
$\mathcal{F}_{3}$ minimal element
$f_{3}=Y_{1}^{b_{3}}Y_{2}^{c_{3}}-X^{\alpha_{3}}\in \mathcal{F}_{3}$





$Y_{1}^{b_{3}-b},$ $Y_{2}^{c-c_{3}}\not\in(in(\mathcal{F}_{H}))$ Theorem 9.
in $(g)\in(in(\mathcal{G}_{H}))$
in $(g)=X^{\alpha_{3}}Y_{2}^{c-c_{3}}$ $\exists_{X_{t}Y_{2}^{d}-X_{J}\cdot Y_{1^{e}}}\in \mathcal{G}_{H}$ $X_{i}Y_{2}^{d}$ $X^{\alpha_{3}}Y_{2}^{c-c_{3}}$
.
$Y_{2}^{d}\in M([(x_{j}) : y_{2}])$ $Y_{2}^{d+1}\in(in(\mathcal{F}_{2}))$ .
$Y_{2}^{c-c_{3}+1}\in(in(\mathcal{F}_{2}))$ and $c-c_{3}+1\geq c_{2}$
$c_{3}>0$ $c-c_{3}+1\leq c<c_{2}$ . .
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in $(g)=X^{\alpha}Y_{1}^{b_{3}-b}$ .
$b_{3}<b$ and $c_{3}>c$ Lemma 15. . $\square$





Remark 16. $\Sigma(X^{\alpha l}Y_{2}^{c_{1}})=\phi$ (resp. $X^{\alpha_{2}}Y_{1}^{b_{2}}$ ) $c_{1}<c_{2}$ (resp. $b_{2}<b_{1}$ )
Lemma 17. $k[H]$ Cohen-Macaulay Buchsbaum ring $\dim(k[H])=$
$2$
$\mathcal{G}_{H}=\{X_{\dot{\iota}_{1}}Y_{1}^{b_{1}-1}-X_{\dot{\iota}_{2}}Y_{2}^{c_{2}-1}\}$ where $\{i_{1}, i_{2}\}=\{1,2\}$
Proof. Corollary 13. $\dim(k[H])=2$ . Theorem 9.
$\exists_{X_{\dot{\iota}_{1}}Y_{1}^{b}-X_{\mathfrak{i}_{2}}Y_{2^{c}}}\in \mathcal{G}_{H}$ with $b<b_{1},$ $c<c_{2}$
.
$Y_{1}^{b}\in M([(x_{t2}) : m])\subset M([(x_{\dot{\iota}_{2}}) : y_{1}])$






Definition 8. B-l), B-2)
$(Y_{1}^{b_{I}-1}, I_{2}^{\nearrow c_{2}-1})\in\triangle_{H}$ $\Rightarrow$ $(Y_{2}^{b_{2}-1}, Y_{1}^{c_{1}-1})\not\in\triangle_{H}$
$\mathcal{G}_{H}=\{X_{i_{1}}Y_{1}^{b}‘ -1-X_{\iota_{2}}Y_{2}^{c_{2}-1}\}$ where $\{i_{1}, i_{2}\}=\{1,2\}$
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Proof of Theorem 14. $1$ ) $\Rightarrow 2$ ) Lemma 17. $m(k[H])=2$ $\mathcal{G}_{H}=$
$\{X_{i_{1}}Y_{1}^{b_{1}-1}-X;_{2}Y_{2}^{c_{2}-1}\}$ where $\{i_{1}, i_{2}\}=\{1,2\}$ . $b=b_{1}-1,$ $c=c_{2}-1$
Theorem 9, Lemma 15.
$f_{1}=$ $Y_{1}^{b}$ $-X_{1}^{a_{11}}X_{2}^{a_{12}}Y_{2}^{c_{1}}$ $\in \mathcal{F}_{1}$
$f_{2}=$ $Y_{2}^{c+1}-X_{1}^{a_{21}}X_{2}^{a_{22}}Y_{1}^{b_{2}}$ $\in \mathcal{F}_{2}$
$f_{3}=$ $Y_{1}^{b_{3}}Y_{2}^{c_{3}}-X_{1}^{a_{1}}X_{2}^{a_{2}}$ $\in \mathcal{F}_{3}$
$g=$ $X;_{1}Y_{1}^{b}-X_{i_{2}}Y_{2}^{c}$ $\in \mathcal{G}_{H}$
$I_{H}$ Gr\"ober basis .
$Y_{1}^{b}\in M([(x_{i_{2}}):m])\subset M([(x_{i_{2}}):y_{2}])$





















. $fi,$ $f_{2},$ $f_{3},$ $g$ $I_{H}$ nimal Gr\"obner basis $\mu(I_{H})\leq 4$ .
$\mu(I_{H})\leq 3$ $k[H]$ Cohen-Macaulay .
$\mu(I_{H})=4$
$fi,$ $f_{2},$ $f_{3},$ $g$ minimal basis.
$2)\Rightarrow 1)$ $\dim(k[H])=2$ $I_{H}$ minimal basis .
$f_{1}=$ $Y_{1}^{b+1}-X_{1}^{a_{1}}$ $X_{2}^{a_{2}-1}Y_{2}^{c_{1}}$ $\in \mathcal{F}_{1}$
$f_{2}=$ $Y_{2}^{c+1}-X_{1}^{a_{1}-1}X_{2}^{a_{2}+1}Y_{1}^{b_{2}}$ $\in \mathcal{F}_{2}$
$f_{3}=$ $Y_{1}Y_{2}-X_{1}^{a_{1}}X_{2}^{a_{2}}$ $\in \mathcal{F}_{3}$
$g=$ $X_{2}Y_{2^{c}}-X_{1}Y_{1}^{b}$ $\in \mathcal{G}_{H}$
Buchberger’s algorithm [1] $f1,$ $f_{2}f_{3},$ $g$ $I_{H}$ minimal Gr\"obner basis
.
Theorem 9. 2) $(Y_{1}^{b}, Y_{2^{c}})\in\triangle_{H}$ .
$I_{H}$ Gr\"obner basis (B-I),(B-2),(B-4),(B-5) .
(B-3) .
$Y_{1}^{b}\in M([(x_{1}) : m])$
$\exists_{X_{2}Y_{1}^{b}-X_{1}^{d_{1}}X_{2}^{d_{2}}Y_{1}^{e_{1}}Y_{2}^{e_{2}}}\in I_{H}$ with $\Sigma(Y_{1}^{e_{1}}Y_{2}^{e_{2}})=\phi,$ $d_{1}>0$
$\Sigma(Y_{1}^{b})=\phi$ $d_{2}=0$ monomial ordering
$X_{2}Y_{1}^{b}\in(in(I_{H}))=(Y_{1}^{b+1}, Y_{2}^{c+1}, Y_{1}Y_{2}, X_{2}Y_{2^{c}})$
.
$Y_{2^{c}}\in M([(x_{2}) : m])$
$(Y_{1}^{b}, Y_{2^{c}})\in\triangle_{H}$
Theorem 17. .
$H$ . $H= \sum_{i=1}^{4}Nh_{i}$ }















$d_{42}$ $=$ $\simeq b^{d}+\overline{c}(a_{2}b-1)$
.
$T$ : $Q^{2}$ $arrow$ $Q^{2}$ Q-isomorphism
$(p, q)$ – $(b+c)(p/d_{1}, q/d_{2})$
semigroup .
$H\cong T(H)=<(b+c, 0),$ $(0, b+c),$ $(a_{1}c-1, a_{2}c+1),$ $(a_{1}b+1, a_{2}b-1)>$
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